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The duality of gravitational dynamics (projected on a null hypersurface) and of fluid dynamics
is investigated for the scalar tensor (ST) theory of gravity. The description of ST gravity, in both
Einstein and Jordan frames, is analyzed from fluid-gravity viewpoint. In the Einstein frame the
dynamical equation for the metric leads to the Damour-Navier-Stokes (DNS) equation with an
external forcing term, coming from the scalar field in ST gravity. In the Jordan frame the situation
is more subtle. We observe that finding the DNS equation in this frame can lead to two pictures.
In one picture, the usual DNS equation is modified by a Coriolis-like force term, which originates
completely from the presence of a non-minimally coupled scalar field on the gravity side. Moreover,
the identified fluid variables are no longer conformally equivalent with those in the Einstein frame.
However, this picture is consistent with the saturation of Kovtun-Son-Starinets (KSS) bound. In
the other picture, we find the standard DNS equation (i.e. without the Coriolis-like force), with
the fluid variables conformally equivalent with those in Einstein frame. But, this second picture, is
not consistent with KSS bound. We conclude by rewriting the Raychaudhuri equation and the tidal
force equation in terms of the relevant parameters to demonstrate how the expansion scalar and the
shear-tensor evolve in the spacetime. Although, the area law of entropy is broken in ST gravity, we
show that the rewritten form of Raychaudhuri’s equation correctly results in the generalized second
law of black hole thermodynamics.
PACS numbers:
I. INTRODUCTION
Despite the enormous success of Einstein’s theory of
general relativity (GR), there are several indications [1–9]
implying that Einstein’s GR might not be a complete the-
ory of gravity. There are several motivations, emerging
from both theory [10–13] and from experiment [1, 4, 5],
that motivate the study of alternative theories of gravity.
In the literature, one can find several mature alternative
theories of gravity with various motivations to study each
of these theories (see the review [14]). The scalar-tensor
theory of gravity is one of the most popular among var-
ious alternative theories of gravity. ST theory not only
combines two types of fields together which mediate grav-
ity, but also the theory is built on the strong foundation
of Einstein’s GR. As a result, this theory has been the
subject of intense research in recent times [15–20]. Re-
cently, we have resolved the longstanding issue related to
the thermodynamic description of scalar-tensor gravity.
We have obtained the thermodynamic laws in the Jordan
and Einstein frames by properly defining the thermody-
namic parameters. This showed the equivalence of these
thermodynamic parameters in the two frames [21, 22].
Apart from the connection of GR with thermodynam-
ics, there is another intriguing connection which implies
that gravity could be an emergent phenomenon rather
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than a fundamental force. This connection was obtained
first by Damour who showed that Einstein’s equation,
when projected onto a null hypersurface, has the struc-
ture of the Navier-Stokes (NS) equation of fluid dynamics
[23]. This projection of Einstein’s equation is known as
the Damour-Navier-Stokes (DNS) equation. The DNS
equation contains an extra non-linear term that does
not have any fluid-dynamic interpretation. This makes
the DNS equation distinct from the usual NS equa-
tion. Later, this fluid dynamic connection was again
established by Price and Throne using the membrane
paradigm [24]. They referred to the equation they ob-
tained as the Hajicek equation instead of the NS equa-
tion due to the presence of the extra non-linear term.
This extra non-linear term can be removed if one re-
places the convective derivative by Lie-derivative [25],
or by choosing the local inertial frame as the observer’s
frame [26, 27]. After this, several works investigated var-
ious aspects of this fluid-gravity connection [28–49].
Most of the work mentioned above on the fluid-gravity
connection are based on Einstein’s GR. A question natu-
rally arises: “is the fluid-gravity analogy a characteristic
of Einstein’s gravity only, or can a similar connection be
found in other alternative gravity theories?". It is also
interesting to examine how the expressions of fluid pa-
rameters (such as pressure, momentum, external force
etc.) and coefficients (such as the bulk viscosity coef-
ficient, shear viscosity coefficient etc.) get modified in
these alternative gravity theory (e.g. scalar-tensor the-
ory or the higher curvature theory). Moreover, in scalar-
tensor theory, there has always been a major debate con-
cerning the two conformally related frames in which the
2theory is described (the Jordan frame and the Einstein
frame). The debate is whether this mathematical con-
formal equivalence results in the physical equivalence of
the two frames (see the review [50]). Regarding this, the
recent opinion is that the Jordan and Einstein frames
are physically equivalent in the classical limit. However,
these two frames might not be physically equivalent in
the quantum regime [51, 52]. Thus, if the DNS equa-
tion can be established in the two frames and the fluid
parameters and the coefficients can be identified, it will
be interesting to check whether the parameters and the
coefficients are equivalent in the two frames or not.
To answer these questions, in this paper we investigate
the fluid-gravity correspondence in scalar-tensor gravity.
Since, in the Jordan frame, the scalar field φ is non-
minimally coupled with the Ricci-scalar R, we show that
the usual way of obtaining the DNS equation does not
work in the Jordan frame (we discuss this in more detail
in our analysis below). Instead, one can obtain the grav-
itational fluid dynamic equation in the Jordan frame via
two different routes. In one method, we obtain the grav-
itational DNS equation with the Coriolis-like force term.
In this case, the fluid variables are not equivalent to those
of the Einstein frame. However, this method is favored
by some recent works (such as [53]) as, in this case, the
shear viscosity coefficient η is obtained as η = φ/16piG.
As a result, the ratio of η to entropy density (s) saturates
the Kovtun-Son-Starinets (KSS) bound [54]. We call this
picture “case 1". However, we show that there is another
possible way to obtain the DNS equation, where, the fluid
variables are conformally equivalent. We call this picture,
“case 2". This latter method of obtaining the DNS equa-
tion agrees with the thermodynamic viewpoint. In the
Einstein frame, we show, that obtaining the DNS equa-
tion is similar to the usual GR case. However, one dif-
ference is that one can obtain the external force term in
the DNS equation in the Einstein frame (also in the Jor-
dan frame) even in the absence of external matter fields,
unlike the case in standard GR. After obtaining the DNS
equation in the two frames, we investigate the evolution
of the expansion scalar (which is given by the Raychaud-
huri equation) and the shear tensor (which is given by
the tidal force equation). We rewrite the Raychaudhuri
equation and the tidal force equation in terms of the ex-
pansion scalar and the shear tensor. We show that the
Raychaudhuri equation in the Jordan frame, when it is
written in terms of the parameters defined for the equiv-
alent fluid-dynamic description (case 2), results in the
generalized second law of black hole thermodynamics.
The paper is organized as follows: In the following sec-
tion, we provide a brief review of the scalar-tensor theory
of gravity. Thereafter, in the next section, we first de-
scribe the null-geometry and then obtain the DNS equa-
tion in the Jordan and Einstein frames. In the following
section, we describe the evolution of the expansion scalar
in the two frames by obtaining the Raychaudhuri equa-
tion in terms of the variables obtained earlier. There,
we also prove the entropy increase theorem which follows
from the obtained Raychaudhuri equation and from the
null-energy condition. Then, in the penultimate section,
we obtain the tidal force equation in each frame and show
the evolution of the shear tensor. We end our work with
the conclusions of our analysis.
II. BRIEF REVIEW: EQUATIONS OF MOTION
IN THE TWO FRAMES
Here, we briefly review the elements of ST gravity
which we will use in this work. We begin by providing
the relevant transformation relations between the Jordan
and Einstein frames, and we introduce the correspond-
ing field equations of motion. These will be our main
requirements since the fluid description of gravity comes
from the projection of gravitational equation on to a null
hypersurface. A more detailed analysis of scalar-tensor
theory, at the level of the action, can be found in [21, 22].
For more about this action description and other impor-
tant issues, one can look at our previous works [21, 22].
Usually, scalar-tensor theory is described in two
frames. In the original frame, known as the Jordan frame,
the action is given by
A =
∫
d4x
√−gL =
∫
d4x
√−g 1
16piG
(
φR
−ω(φ)
φ
gab∇aφ∇bφ− V (φ)
)
. (1)
In this frame, the scalar field φ is non-minimally coupled
to the Ricci-scalar R. Moreover ω(φ), the Brans-Dicke
parameter, is considered as a general function of φ. When
ω(φ) is taken as a constant, the theory reduces to Brans-
Dicke theory [55]. Here, V (φ) in (1) is an arbitrary scalar
field potential. The equations of motion for gab and φ are
obtained by varying the action (1) yielding
Eab =
1
16piG
[φGab +
ω
2φ
∇iφ∇iφgab − ω
φ
∇aφ∇bφ
+
V
2
gab −∇a∇bφ+ gab∇i∇iφ] = 0 ; (2)
and
E(φ) =
1
16piG
[R+
1
φ
dω
dφ
∇iφ∇iφ+ 2ω
φ
φ− dV
dφ
− ω
φ2
∇aφ∇aφ] = 0 . (3)
Gab = Rab − 12Rgab is the Einstein tensor.
The non-minimal coupling in (1) can be removed by a
set of transformations: (i) a conformal transformation of
the metric of the form
gab → g˜ab = Ω2gab, Ω =
√
φ , (4)
and (ii) a scaling of the scalar field given by
φ→ φ˜ with dφ˜ =
√
2ω + 3
16piG
dφ
φ
. (5)
3From now on the untilde variables correspond to the Jor-
dan frame while the tilde variable correspond to the Ein-
stein frame. Using the above relations (4) and (5), the
non-minimal coupling in (1) can be removed and one can
go from the Jordan frame to the conformal (i.e. Einstein
frame). The action in the Einstein frame is
A˜ =
∫
d4x
√
−g˜L˜
=
∫
d4x
√
−g˜[ R˜
16piG
− 1
2
g˜ab∇˜aφ˜∇˜bφ˜− U(φ˜)] , (6)
where U(φ˜) = V (φ)/(16piGφ2). The equations of motion
of g˜ab and φ˜ can be obtained from the variation of the
action (6), which yields
E˜ab =
G˜ab
16piG
− 1
2
∇˜aφ˜∇˜bφ˜+ 1
4
g˜ab∇˜iφ˜∇˜iφ˜
+
1
2
g˜abU(φ˜) = 0 ; (7)
and
E˜(φ˜) = ∇˜a∇˜aφ˜−
dU
dφ˜
= 0 . (8)
One can check that under the transformations (4) and
(5) the above equations reduces to Eqs. (2) and (3). So
both frames are equivalent, at the equations of motion
level.
We end this section by mentioning one key aspect not
often highlighted in the literature. Although, the action
in the two frames ((1) and (6)) are connected by the
set of transformations (4) and (5), one can note that the
actions in the two frames are equivalent only up to a total
derivative term, which is the given as follows (for details
see [21, 22]):
√
−g˜L˜ = √−gL− 3
16piG
√−gφ . (9)
Since the two actions are connected by a total deriva-
tive term, it can be neglected if one is interested in the
equations of motion i.e. the dynamics of the system. In
our previous work [21, 22], we have shown that in con-
structing the thermodynamical quantities, like entropy,
energy etc., the extra total derivative term does play a
crucial role. This is because these boundary terms in
the action do contribute to the thermodynamic param-
eters, since they are defined on the relevant boundary
of the full manifold. We observed that the total deriva-
tive term indeed helps in resolving several inequivalences
(such as thermodynamic entities and the holographic re-
lations between the surface and bulk terms of the action)
between the two frames. Of course, in the present case,
the DNS equation and the dynamics of the null surface
are obtained from the equations of motion of the met-
ric tensor. Therefore, the extra φ term in (9) has no
significance in the present case.
In the following section we will obtain the DNS equa-
tion for ST theory. In Einstein’s gravity, when Einstein’s
equation is projected on to a null surface, it has a struc-
ture, similar to the Navier-Stokes equation of hydrody-
namics [23]. In the present scenario with ST theory, we
follow a similar approach. However, in this case, there are
several extra terms in the equation of motion in the two
frames. Also the scalar field φ is non-minimally coupled
with the Ricci-scalar in the Jordan frame. Therefore, it
will be interesting to investigate whether the DNS equa-
tion can be obtained in the present case of ST theory. If
so, then we have to check how the expressions of the fluid
parameters get modified. Also, we will examine whether
the fluid parameters are conformally invariant between
the two frames.
III. DNS EQUATION IN JORDAN AND
EINSTEIN FRAMES
As mentioned above, the structure of the Navier-
Stokes-like equation for GR was obtained first by Damour
[23]. Later a more detailed investigation was performed
by Price and Throne [24]. After these early works vari-
ous researchers expanded on this idea [25–49]. However,
the approach which we follow here, depends largely on
the structure of the null-hypersurface and the spacetime
foliation of the null surface. Therefore, in the following
we give a brief discussion of the null-hypersurface and its
(1 + 3) foliation. More discussion in this regard, can be
found in [25].
A. Spacetime foliation on null hypersurface
Let (M, gab) be the whole (1 + 3)- dimensional man-
ifold, where lower case Latin indices run {0, 1, 2, 3}. A
null hypersurface (H , γαβ) is a three dimensional hyper-
surface embedded in a four-dimensional manifoldM such
that it satisfies the condition γαβv
β = 0, where vα is the
vector defined in the tangent space of H . Another way
of saying this is that the pullback of the induced metric
of a null-hypersurface onto its tangent plane is degen-
erate. Here, the Greek indices denote the coordinates
associated to the null surface H (defined by x3 =const.)
and run {0, 1, 2} . Moreover, null hypersurfaces are char-
acterized by the null vectors la, which is orthogonal to
H and satisfies the geodesic condition of the spacetime.
Since the normal of the null surface H is self orthogonal,
i.e. lala = 0, one major difference of the null hypersurface
H with the spacelike or timelike one is that one cannot
define an orthogonal projection operator onto H . To
study the dynamics of a null hypersurface extrinsically
we also adopt the standard (1+ 3) foliation of the space-
time as described in [25].
In the present case, each spacelike hypersurface (which
we denote as Σt, characterized by the unit timelike nor-
mal n = Ndt with N being the lapse function) will inter-
4sect the null hypersurfaceH on a two-dimensional surface
St i.e. St = H
⋂
Σt. Therefore, St will be characterized
by two normals: one is the timelike normal n and the
other is a unit spacelike normal, denoted by s. These
satisfy the properties s · s = 1, n · n = −1 and n · s = 0 .
Therefore, one can define an induced metric on the two
surface St, which is orthogonal to both n and s . The
induced metric on St is defined as
qab = gab + nanb − sasb . (10)
Moreover, the two-surface St can also be regarded as
the intersection of two null-hypersurfaces: one null sur-
face H, of course, is characterized by the outgoing null
vector l = N(n+s) and the other one is characterized by
the auxiliary (or ingoing) null vector k = (1/2N)(n− s),
with the conditions l · l = k · k = 0 and l · k = −1 . The
induced metric on the two surface St, defined in (10), can
now be written in terms of the null vectors l and k as
qab = gab + lakb + lbka . (11)
We shall use this form of the induced metric from now on.
Note that qabl
a = qabk
a = 0, and qbaq
c
b = q
c
a. Therefore,
the induced metric qab is orthogonal to the null vectors
l and k, and the mixed tensor qab allows one to project
everything onto the two surface St.
This discussion and results are independent of what
frame we are using, and are equally valid in both Einstein
and Jordan frames. For example, the induced metric in
the Einstein frame is identical to the form in (10) and (11)
but with the quantities are denoted by the tilde variables:
q˜ab = g˜ab + n˜an˜b − s˜as˜b = g˜ab + l˜ak˜b + l˜bk˜a . (12)
Having all the necessary details, we are now ready to
find the DNS-like equation by projecting the field equa-
tions. We begin the with the Einstein frame variables.
B. DNS equation in the Einstein frame
The procedure for obtaining the DNS equation in the
Einstein frame is straightforward since the equation of
motion in the Einstein frame (i.e. Eq. (7)) is similar to
the equation of motion from standard GR.
The analysis starts by defining various important
quantities on the null surface, which will ultimately be
connected with the fluid variables. We define θ˜ab as
θ˜ab = q˜
m
a q˜
n
b ∇˜m l˜n = ∇˜a l˜b + l˜ak˜i∇˜il˜b − l˜bω˜a , (13)
which is the pullback of the covariant derivative of the
null vector l˜ onto St . In the above relation (13), we have
defined
ω˜a = l˜
i∇˜ik˜a . (14)
The expression of θ˜ab in (13) does not imply that θ˜ab is
symmetric. However, if one replaces the term l˜ak˜
i∇˜i l˜b
in (13) using the Frobenius theorem, i.e. l˜[a∇˜i l˜b] = 0,
one can straightforwardly obtain that θ˜ab is a symmetric
tensor in a and b . θ˜ab can be decomposed into two parts:
one being the symmetric trace-less part σ˜ab and the other
is the trace part θ˜ given by
θ˜ab = σ˜ab +
q˜ab
2
θ˜ . (15)
The trace part θ˜ is given by
θ˜ = q˜abθ˜ab = ∇˜a l˜a − κ˜ . (16)
In the above, κ˜ is the non-affinity of the null geodesics
and is defined by the relation
l˜i∇˜i l˜a = κ˜l˜a . (17)
Note that when a null-surface corresponds to a black hole
horizon, κ˜ can be identified as the surface gravity of the
black hole horizon.
Having the definition of different quantities on the null
hypersurface, let us now project the equation (7) on to
this surface. Note that one part of this equation contains
Einstein’s tensor. The relevant part of this can be pro-
jected in the following way: from 2∇˜[m∇˜a] l˜m = R˜am l˜m
(where, A[iBj] ≡ (1/2)(AiBj − AjBi)) and using (13)
and (16) we obtain
R˜am l˜
m = ∇˜mθ˜ma + (θ˜ + κ˜)ω˜a + l˜m∇˜mω˜a − ∇˜a(θ˜ + κ˜)
−∇˜m(l˜ak˜i∇˜i l˜m) .
(18)
Using (13), one can further re-write the last term on the
RHS of (18) as
∇˜m(l˜ak˜i∇˜i l˜m) = θ˜amk˜n∇˜n l˜m −
(
ω˜mk˜
n∇˜n l˜m
−(∇˜mk˜i)(∇˜i l˜m)− k˜i∇˜m∇˜i l˜m
)
l˜a . (19)
Substituting (19) in (18) we obtain
R˜am l˜
m = ∇˜mθ˜ma + (θ˜ + κ˜)ω˜a + l˜m∇˜mω˜a − ∇˜a(θ˜ + κ˜)
+
(
ω˜mk˜
n∇˜n l˜m − (∇˜mk˜i)(∇˜i l˜m)− k˜i∇˜m∇˜i l˜m
)
l˜a
−θ˜amk˜n∇˜n l˜m . (20)
Equation (20) plays a major role in the analysis. It will
be shown later that when (20) is contracted with the
projection operator q˜ab , it gives the DNS equation; when
(20) is contracted with the null vector l˜a, it results in the
Raychaudhuri equation.
We first obtain the DNS equation. Contracting (20)
with q˜ab one obtains
R˜mn l˜
mq˜na = q˜
n
a ∇˜mθ˜mn + (θ˜ + κ˜)Ω˜a + q˜na l˜m∇˜mω˜n
−D˜a(θ˜ + κ˜)− θ˜amk˜i∇˜i l˜m , (21)
5where Ω˜a = q˜
b
aω˜b = ω˜a + κ˜k˜a. In the above we used
l˜aω˜a = κ˜ and k˜
aω˜a = 0. Also we denote D˜a(θ˜ + κ˜) =
q˜ba∇˜b(θ˜+ κ˜) where D˜a is the covariant derivative with re-
spect the hypersurface’s metric (i.e. q˜ab). From equation
(7) and using the identity (21), one obtains
8piGT˜ (φ˜)mn l˜
mq˜na = q˜
n
a ∇˜mθ˜mn − θ˜amk˜i∇˜i l˜m + q˜na l˜m∇˜mω˜n
+(θ˜ + κ˜)Ω˜a − D˜a(θ˜ + κ˜) ,
(22)
where,
T˜
(φ˜)
ab = ∇˜aφ˜∇˜bφ˜−
1
2
g˜ab∇˜iφ˜∇˜iφ˜− g˜abU(φ˜) . (23)
This can be identified as the energy-momentum tensor
of the scalar-field φ˜ . The first two terms on the right
hand side (RHS) of (22) can be replaced. First from the
definition
D˜iθ˜
i
a = q˜
i
j q˜
k
a∇˜iθ˜jk = q˜ka∇˜iθ˜ik + (l˜ik˜j + l˜j k˜i)q˜ka∇˜iθ˜jk , (24)
and using θ˜ja l˜j = θ˜
j
ak˜j = 0, we obtain
D˜iθ˜
i
a = q˜
n
a ∇˜mθ˜mn − θ˜ja(l˜i∇˜ik˜j + k˜i∇˜i l˜j) . (25)
Therefore, we get
D˜iθ˜
i
a + θ˜amΩ˜
m = q˜na ∇˜mθ˜mn − θ˜amk˜i∇˜il˜m . (26)
In addition, since ω˜i = Ω˜i − κ˜k˜i, one can obtain
q˜na l˜
i∇˜iω˜n = q˜na l˜i∇˜iΩ˜n − κ˜Ω˜a. Using the definition of the
Lie-derivative, i.e. £l˜Ω˜n = l˜
i∇˜iΩ˜n+Ω˜i∇˜n l˜i, the previous
expression can be further written as
q˜na l˜
i∇˜iω˜n = q˜na£l˜Ω˜n − θ˜ma Ω˜m − κ˜Ω˜a . (27)
Substituting (26) and (27) in to (22) one obtains
8piGT˜ (φ˜)mn l˜
mq˜na = q˜
n
a£l˜Ω˜n + θ˜Ω˜a − D˜a(
θ˜
2
+ κ˜) + D˜iσ˜
i
a ,
(28)
where, we have used θ˜mn = σ˜
m
n +
1
2 q˜
m
n θ˜ . The RHS of equa-
tion (28) are the DNS terms in standard GR [25, 26]. In
this case our left hand side (LHS) is non-zero. Therefore
(28) is our DNS-like equation in the Einstein frame for
ST gravity. It should be pointed out that, if the Lie-
derivative in (28) is expressed in terms of the convective
derivative, one extra term, θ˜iaΩ˜i, appears compared to
the usual Navier-Stokes (NS) equation. This term does
not have any fluid dynamic interpretation. This differ-
ence was highlighted in earlier works [24–26].
The corresponding fluid parameters of the DNS equa-
tion in the Einstein frame as given in (28) are identified
as follows: the term on LHS, F˜a = T˜
(φ˜)
ab l˜
b, can be iden-
tified as the external force term; the momentum density
is given as p˜ia = −Ω˜a/8piG; the pressure is identified as
P˜ = κ˜/8piG; the shear viscosity coefficient is given as
η˜ = 1/16piG; the bulk viscosity coefficient is given as
ξ˜ = −1/16piG (note that for the standard NS equation,
the total viscous tensor is 2ησab + ξδ
a
b θ) .
In the present case, one does not necessarily require
any external matter source to have an F˜a term in the
DNS equation (28). This is the major difference with
standard GR. If one includes some external matter, one
can still obtain the DNS equation. However in this case
the energy-momentum tensor T˜
(φ˜)
ab in (28) will be re-
placed by T˜ab = T˜
(φ˜)
ab + T˜
(ext)
ab , where T˜
(ext)
ab is the energy-
momentum tensor coming from the additional external
matter source. The external force in the DNS equation
is then identified as F˜a = T˜ab l˜
b.
We make one final comment before moving on to the
Jordan frame. The entropy of scalar-tensor theory in the
Einstein frame is identified as [21, 22, 56] S˜ = A˜/4G,
where A˜ is the surface area of the null horizon. This
gives an entropy density of s˜ = S˜/A˜ = 1/4G . As a
result, the ratio of shear viscosity to entropy density is
η˜
s˜
=
1
4pi
. (29)
This is the same as in standard GR and is consistent with
the Kovtun-Son-Starinets (KSS) bound [54].
C. DNS equation in Jordan frame
In obtaining the DNS equation in the Jordan frame,
there are several points one has to recognize. First, the
scalar field in the Jordan frame is non-minimally coupled
with the Ricci scalar and the gravitational interaction is
mediated both by the metric tensor as well as by the
scalar field. Therefore, it is expected that the scalar field
will invariably appear in the expressions of the fluid pa-
rameters and the transport coefficients. Moreover, we
mentioned earlier that both the equations of motion for
the metric (i.e. (2) and (7)) in the two frames are equiv-
alent. Thus, a proper DNS equation in the Jordan frame
will be one where the scalar field will appear in the ex-
pressions of the fluid parameters as well as having the
equation be conformally connected to (28). Note that
the DNS equation and the fluid parameters in the Ein-
stein frame have been unambiguously obtained at the end
of the last subsection. However, in the Jordan frame, the
presence of φ gives rise to two different pictures/cases
in the fluid description. In the first picture (i.e. case
1), the fluid variables are not conformally equivalent in
the two frames. Further, in case 1, the fluid dynamic
equation appears as the DNS equation along with an ex-
tra Coriolis-like force term. We mention, in connection
with earlier works on the KSS bound, how this first pic-
ture is more favored. In the second picture (case 2) one
finds that the fluid variables in the two frames are con-
formally equivalent, but now these variables violate the
KSS bound. In the subsections below we first discuss the
inequivalent picture (case 1), and then we move on to
discuss the equivalent picture (case 2).
61. Inequivalent picture – case 1
We follow a procedure similar to that used above in
the Einstein frame, to obtain various useful results, that
help us to obtain the final form of the DNS equation in
the Jordan frame. First we find θab as
θab = q
m
a q
n
b∇mln = ∇alb + laki∇ilb − lbωa , (30)
with ωa = l
i∇ika. As before, in the Einstein frame case,
θab can be written as sum of a traceless part and a trace
part:
θab = σab +
qab
2
θ , (31)
where, θ is given as
θ = qabθab = ∇ala − κ . (32)
In addition, we find
Raml
m = ∇mθma + (θ + κ)ωa + lm∇mωa −∇a(θ + κ)
+
(
ωmk
n∇nlm − (∇mki)(∇ilm)− ki∇m∇ilm
)
la
−θamkn∇nlm . (33)
Projecting the above expression onto the null surface, we
obtain
Rmnl
mqna = q
n
a∇mθmn + (θ + κ)Ωa + qna lm∇mωn
−Da(θ + κ)− θamki∇ilm , (34)
where Ωa = q
b
aωb = ωa + κka with l
aωa = κ; k
aωa = 0
and Da(θ+κ) = q
b
a∇b(θ+ κ) . As in the Einstein frame,
we can obtain two additional identities
Diθ
i
a + θamΩ
m = qna∇mθmn − θamki∇ilm . (35)
and
qna l
i∇iωn = qna£lΩn − θma Ωm − κΩa . (36)
Substituting (35) and (36) in (34) one obtains
Rmnl
mqna = q
n
a£lΩn + θΩa −Da(
θ
2
+ κ) +Diσ
i
a . (37)
The LHS of (37) can be written as Rmnl
mqna =
8piGTmnlmqna where, using the equation of motion (2),
one can identify Tmn as
Tmn = ω
8piGφ2
(
∇mφ∇nφ− 1
2
gmn∇iφ∇iφ
)
− V gmn
16piGφ
+
1
8piGφ
(
∇m∇nφ− gmn∇i∇iφ
)
.
(38)
Therefore, one obtains
8piGTmnlmqna = qna£lΩn + θΩa −Da(
θ
2
+ κ) +Diσ
i
a .
(39)
Although equation (39) looks like the gravitational
Navier-Stokes equation for the Jordan frame there are is-
sues with making this identification. First, in the above
relation (39), the scalar field φ does not appear in the
expressions of the fluid parameters and the transport co-
efficients. The role of the scalar field in (39) appears
like an external field, which is not consistent with the
non-minimal coupling in ST theory in the Jordan frame.
Second, if (39) is considered the DNS equation in the
Jordan frame, then the shear viscosity coefficient is iden-
tified as η = 1/16piG. The entropy in the Jordan frame
is [21, 22, 56, 57] S = φA/4G, which gives the entropy
density as s = φ/4G . So, the ratio of shear viscosity to
entropy density will be obtained as η/s = 1/4piφ, which
is not consistent with the KSS bound [54]. Because of
these issues, we conclude that Eq. (39) is not the correct
form of the DNS equation in the Jordan frame.
To address these issues we can incorporate φ in the ex-
pressions of the fluid parameters and the transport coef-
ficients, to obtain a proper DNS equation in the Jordan
frame. We begin by multiplying (37) by φ, and using
some identities to move φ past some of the derivative
operators.
φRmnl
mqna = q
n
a£l(φΩn) + θ(φΩa)−
φ
2
Daθ
−Da(φκ) + φDiσia + 2lmqna
(
ω[m∇n]φ
)
. (40)
Using the equation of motion (2), equation (40) can be
written as
8piGT (φ)mnl
mqna = q
n
a£l(φΩn) + θ(φΩa)−
φ
2
Daθ
−Da(φκ) + φDiσia + 2lmqna
(
ω[m∇n]φ
)
, (41)
where T
(φ)
mn = φTmn. The RHS of the above equation,
other than the last term, has the structure of the DNS
equation. The last term, 2lmqna
(
ω[m∇n]φ
)
, can be iden-
tified as the rotational contribution in the full manifold.
This term can be thought of as the rotational contribu-
tion in the DNS equation and therefore we identify it
as a Coriolis-like force term. The expression of the DNS
equation in (41) is the counterpart of (28) in the Einstein
frame, as can be checked by applying the transformations
(4) and (5).
We identify the fluid parameters and the transport
coefficient in the following way: the external force is
identified as Fa = T
(φ)
ab l
b; the momentum density is
identified as pia = −φΩa/8piG; the pressure is given as
P = φκ/8piG; the shear viscosity coefficient is identi-
fied as η = φ/16piG; the bulk viscosity coefficient as
ξ = −φ/16piG. Thus, equation (41) can be interpreted as
the hydrodynamic equation of a fluid in a rotating frame
with the angular velocity Wa = ∇aφ/2.
Even without an external matter field, we get an ex-
ternal force term coming from the T
(φ)
ab term. When an
external matter term is added the external force term
7is given by the combination of the energy-momentum
tensor for φ plus the energy-momentum tensor of the
external field i .e. Tab = T
(φ)
ab + T
ext
ab . As in previous
cases the external force will be identified as Fa = Tabl
b.
Note that, in this case, the ratio of the shear viscosity η
(which here is equal to φ/16piG) to the entropy density
is η/s = 1/4pi. This value is consistent with KSS bound
[54]. A similar η/s ratio has also been predicted in [53]
for f(R) gravity, which can be considered as a subclass
of scalar-tensor gravity. Therefore, the inequivalent pic-
ture, which has been described here, is more favored by
the literature. Note that the scalar field φ, which is non-
minimally coupled in this frame, appears in several fluid
parameters (like pia, P , η, ξ). One way of interpreting
the non-minimal coupling of φ with R is that in the Jor-
dan frame, Newton’s constant of GR is replaced by an
effective Newton’s constant as G −→ Geff = G/φ [58].
With this viewpoint, the modification of the expressions
of fluid parameters and the transport coefficients can be
justified and those expressions can be seen as being the
same as in GR except with G rescaled as G/φ.
Although the above case is consistent with earlier
theoretical results in the literature, it shows that the
fluid variables in the two frames are not equivalent (e.g.
P˜ 6= P , p˜ia 6= pia, F˜a 6= Fa etc.). We now clarify this
inequivalence of the fluid variables. From the conformal
transformation relation (4) and from the normalization
conditions of n and n˜ (i.e. n · n = n˜ · n˜ = −1) it fol-
lows that n˜a =
√
φna and n˜
a = (1/
√
φ)na . Similarly
from the normalization condition of s and s˜ one finds
s˜a =
√
φsa and s˜
a = (1/
√
φ)sa . Moreover, in the (1+3)
foliation of the spacetime, the lapse function N is given
as N =
√−g00 so we find N˜ =
√
φN . Earlier we defined
l and k as linear combinations of n and s, which yields
l˜a = la, l˜a = φla
k˜a =
1
φ
ka, k˜a = ka . (42)
The transformation relation of various quantities, that
define the fluid variables in the Jordan frame and the
Einstein frame, are given by
θ˜ba = θ
b
a +
qba
2
li∇i lnφ ,
θ˜ = θ + li∇i lnφ ,
σ˜ij = σ
i
j ,
κ˜ = κ+ li∇i lnφ ,
ω˜a = ωa +
1
2
[lak
i∇i lnφ+∇a lnφ− kali∇i lnφ] ,
Ω˜a = Ωa +
1
2
qba∇b lnφ . (43)
From the relations in (43), one can conclude that the
fluid variables in the two frames are not equivalent for
the present case. As mentioned earlier, whether the two
conformally connected frames are physically equivalent
or not, has been an unsolved puzzle for several decades.
However, from the thermodynamic perspective, we have
shown that the two frames are thermodynamically equiv-
alent and the thermodynamic parameters are exactly
equivalent between the two frames [21, 22] (under cer-
tain assumptions, similar results have also been obtained
in [56]). All of this leads to the question “Is it possible to
obtain a DNS-like equation in the Jordan frame, where
the fluid variables are equivalent across the two frames?".
In the next subsection we show that one can answer this
question in the affirmative.
2. Equivalent picture – case 2
We now want to alter our previous analysis of the Jor-
dan frame to find a DNS equation whose fluid variables
are the same as those in the Einstein frame (i.e. κ˜, θ˜,
σ˜ab , Ω˜a etc.). We start by examining the expression:
qna∇mθ˜mn + (θ˜ + κ˜)Ω˜a + qna lm∇mω˜n − qna∇n(θ˜ + κ˜) −
θ˜ma k
i∇ilm . In this expression the fluid variables are
taken intentionally as that of the Einstein frame (e.g.
ω˜a, κ˜, θ˜, θ˜ab, Ω˜a etc.), but the background and the co-
variant derivatives are defined with respect to the metric
of the Jordan frame. Using (43), we obtain
qna∇mθ˜mn + (θ˜ + κ˜)Ω˜a + qna lm∇mω˜n − qna∇n(θ˜ + κ˜)
−θ˜ma ki∇ilm = Rmnlmqna − qna li∇n∇i lnφ
+2liΩa(∇i lnφ)− 3
2
qna (∇nli)(∇i lnφ)
+
1
2
(κ+ θ)qba∇b lnφ+ qbali(∇i lnφ)(∇b lnφ) . (44)
To obtain this result, we have used (34). Now, one can
straightforwardly obtain the following relation
Dbθ˜
b
a = q
i
jq
k
a∇iθ˜jk = qna∇mθ˜mn − θ˜jaωj − θ˜ma ki∇ilm . (45)
From this expression and using (43), one further finds
qna∇mθ˜mn − θ˜ma ki∇ilm = Dbθ˜ba + θjaΩj +
Ωa
2
lk∇k lnφ .
(46)
Also we have, qna l
m∇mω˜n = qna lm∇m(Ω˜n − κ˜k˜n) =
qna£lΩ˜n−θma Ω˜m−Ωaκ˜ . Again, using the transformation
relation (43), we arrive at
qna l
m∇mω˜n = qna£lΩ˜n − θjaΩj − Ω˜aκ˜−
θia
2
∇i lnφ
+
κ
2
qba(∇b lnφ) +
qba
2
li(∇b lnφ)(∇i lnφ) . (47)
We now substitute (46) and (47) into (44) which yields
Dbθ˜
b
a + q
n
a£lΩ˜n −
θia
2
∇i lnφ+ θ˜Ω˜a −Da(θ˜ + κ˜) =(
Rmn −∇m∇n lnφ+ 1
2
(∇m lnφ)(∇n lnφ)
)
lmqna
−3
2
qna (∇nli)(∇i lnφ) +
3
2
Ωal
i∇i lnφ+ θ
2
qba(∇b lnφ) .
(48)
8Equation (48) can be further simplified. From (30), one
obtains qna (∇nli)(∇i lnφ) = Ωali∇i lnφ + θia(∇i lnφ) .
Using this with θia = σ
i
a +
qi
a
2 θ in (48), yields
qna£lΩ˜n −Da(
θ˜
2
+ κ˜) + θ˜Ω˜a +Dbσ˜
b
a + σ˜
i
a(∇i lnφ)
=
(
Rmn −∇m∇n lnφ+ 1
2
(∇m lnφ)(∇n lnφ)
)
lmqna .
(49)
Equation (49) can also be identified as a DNS-like equa-
tion in the Jordan frame. From the equation of motion
(2), we obtain
Rmn −∇m∇n lnφ+ 1
2
(∇m lnφ)(∇n lnφ) =
(2ω + 3)
2
(∇m lnφ)(∇n ln φ) + gmn
(R
2
−1
2
(∇iφ)(∇iφ)− V
2φ
− 1
φ
φ
)
. (50)
Also, using the transformation relations in (23) one can
obtain an expression for T˜
(φ˜)
ab in the Jordan frame as
T˜
(φ˜)
ab =
(2ω + 3)
16piG
[
(∇a lnφ)(∇b lnφ)− 1
2
gab(∇iφ)(∇iφ)
]
+
V
16piGφ
gab .
(51)
Comparing equations (50) and (51), one can conclude
that in (49) the RHS, as a whole, contributes to
8piGT˜
(φ˜)
mnlmqna . Thus the expression of the DNS-like
equation (49) in the Jordan frame, is given as
qna£lΩ˜n −Da(
θ˜
2
+ κ˜) + θ˜Ω˜a +
1
φ
DbΣ
b
a = 8piGT˜
(φ˜)
mnl
mqna .
(52)
One can again identify (52) as the DNS equation in the
Jordan frame, where the fluid variables are equivalent to
those in the Einstein frame and are identified as follows:
the external force is identified as Fa = T˜
φ˜
abl
b; the momen-
tum density is identified as pia = −Ω˜a/8piG; the pressure
is given as P = κ˜/8piG; shear tensor is Σab ; the shear
viscosity coefficient is identified as η = 1/(16piGφ); the
bulk viscosity coefficient is ξ = −1/16piG .
For this case the DNS equation in the Jordan frame,
equation (52), all the fluid parameters are equivalent to
those in the Einstein frame (i.e. F˜a = Fa, p˜ia = pia... etc.)
except for the shear viscosity coefficient, which is con-
nected as η = η˜/φ. Also the shear tensor in the Jordan
frame for this case is connected to the the shear tensor
in the Einstein frame as Σab = φσ˜
a
b and Σab = σ˜ab .
We now examine what happens when an external mat-
ter field is included in the gravitational action. In the
Jordan frame, the action of the external matter field is
Aext =
∫ √−gLextd4x, whereas in the Einstein frame,
it is given as A˜ext =
∫ √−g˜L˜extd4x . Since these ac-
tions for the external fields in the two frames are con-
formally invariant (i.e. A˜ext = Aext), this implies that√−g˜L˜ext =
√−gLext and L˜ext = Lext/φ2 . Now, in the
Jordan frame, the energy momentum tensor correspond-
ing to the external matter source is
T
(ext)
ab = −
2√−g
δ(
√−gLext)
δgab
, (53)
which is connected to the energy-momentum tensor in
the Einstein frame as
T˜
(ext)
ab = −
2√−g˜
δ(
√−g˜L˜ext)
δg˜ab
=
T
(ext)
ab
φ
. (54)
Introducing an external matter field results in the zero on
the RHS of (2) being replaced by T
(ext)
ab /2. However, in
(50), one gets the extra term 8piGT
(ext)
ab /φ . Thus, taking
the external matter field into account, gives the following
result for the external force in the Jordan frame: Fa =
(T˜ φ˜ab+(T
(ext)
ab /φ))l
b = (T˜ φ˜ab+T˜
(ext)
ab )l
b = F˜a . In summary
the introduction of an external matter field leads to a
force that is invariant between the Jordon and Einstein
frames, while the energy-momentum tensors are related
by a factor of 1/φ as seen in (54).
We conclude this section by making a final impor-
tant comment. The fluid-gravity connection is not well-
explored in the context of the scalar-tensor gravity. How-
ever, there are a few works for f(R) gravity [35, 53],
which suggest that the shear viscosity coefficient is η =
f ′(R)/16piG which lead to the following ratio with the
entropy density η/s = 1/4pi. This ratio saturates the
KSS bound. Since f(R) gravity can be analyzed as a
particular form of scalar-tensor gravity with the scalar
field identified as φ ≡ f ′(R), those works on f(R) grav-
ity favor the inequivalent picture (case 1) of the Jordan
frame described in the last subsection. But in the present
picture (case 2) we have
η
s
=
1
4piφ2
, (55)
which is not a constant and depends on φ. Thus this
ratio from (55) can violate the KSS bound depending on
the value of φ. Nevertheless, in the context of the fluid-
gravity correspondence, an equivalent picture can also be
drawn, as we have shown here.
IV. THE ENTROPY INCREASE THEOREM
Within the framework of standard GR, when Rmnl
n is
projected onto the null surface by contraction with the
projection tensor, qma , it yields the DNS equation. On
the other hand, when Rmnl
n is contracted with another
null vector, lm, it results in the Raychaudhuri equation.
9In an earlier section, we showed that the procedure of
obtaining the DNS equation in scalar-tensor theory (in
Jordan frame) is different from standard GR due to the
scalar field φ. In this section, we discuss the Raychaud-
huri equation in the context of the scalar-tensor gravity.
Moreover, it is well-known that in standard GR, the gen-
eralized second law (GSL) of black hole thermodynamics
can be proven from the Raychaudhuri equation. Since the
area law of entropy breaks down in scalar-tensor gravity,
in the Jordan frame, it is worth investigating whether the
Raychaudhuri equation can prove the generalized second
law of thermodynamics for scalar-tensor gravity.
A. Einstein frame
Obtaining the null Raychaudhuri equation in the Ein-
stein frame in ST theory is straightforward (the same as
in standard GR). Contracting (20) with a second null
vector, la, and using (13) one simply obtains
l˜a∇˜aθ˜ = κ˜θ˜ − θ˜abθ˜ab − R˜ab l˜a l˜b . (56)
Expressing θ˜ab in terms of the shear tensor σ˜ab and the
expansion scalar θ˜, as given by (15), leads to equation
(56) becoming
l˜a∇˜aθ˜ = κ˜θ˜ − σ˜abσ˜ab − 1
2
θ˜2 − R˜ab l˜al˜b . (57)
Next, using the equation of motion in the Einstein frame,
one obtains
dθ˜
dλ˜
= κ˜θ˜ − σ˜abσ˜ab − 1
2
θ˜2 − 8piGT˜ab l˜a l˜b . (58)
To obtain the above equation we have used l˜a∇˜aθ˜ =
dθ˜/dλ˜, where λ˜ parameterizes the null geodesics, as de-
fined by the normal l˜a = dxa/dλ˜ . Also note that in
the above equation T˜ab is given as T˜ab = T˜
φ˜
ab + T˜
ext
ab .
Now, we note that T˜ φ˜ab l˜
a l˜b = (l˜a∂aφ˜)
2 ≥ 0. There-
fore, if the energy-momentum tensor of the external field
satisfies the null energy condition in the Einstein frame
(i.e. T˜ extab l˜
al˜b > 0), we obtain T˜ab l˜
al˜b > 0 .
We briefly review how the entropy increase theorem
can be established in the Einstein frame from the above
null Raychaudhuri equation (58). The process is similar
to standard GR. The entropy of a black hole in the Ein-
stein frame is S˜ = A˜/4 [21, 22, 56], where A˜ is the surface
area of the null horizon of the black hole. A˜ can also be
written as
A˜ =
∫
H
√
q˜d2x , (59)
where q˜ is the determinant of the induced metric q˜ab .
Now, it can be shown that
θ˜ =
1
2
q˜ab£l˜qab =
1√
q˜
£l˜
√
q˜ =
1√
q˜
d
√
q˜
dλ˜
. (60)
Using (60) one can obtain the change of entropy along
λ˜a (i.e. £l˜S˜ = dS˜/dλ˜) as
dS˜
dλ˜
=
1
4
dA˜
dλ˜
=
1
4
∫
H
√
q˜θ˜d2x . (61)
Therefore, the entropy can only decrease (i.e. dS˜/dλ˜ < 0)
when θ˜ is negative. However, if the formation of caustics
is prohibited, then from the Raychaudhuri equation (58)
one finds that θ˜ cannot be negative, taking in to account
the null energy condition, i.e. T˜ab l˜
a l˜b > 0. From this ar-
gument one finds that the entropy must always increase.
B. Jordan frame
We now repeat the same analysis in the Jordan frame.
In the Jordan frame, Bekenstein’s formula for entropy
breaks down since the entropy now is proportional not
only to the area of the horizon, but is also proportional
to the scalar field φ, as suggested by Kang [57] (also see
our previous work [21, 22], where the same result was
shown via different means). Thus the expression for the
entropy, S, in the Jordan frame is
S =
φA
4
=
1
4
∫
H
√
qφd2x . (62)
Therefore, the rate of change in entropy is
dS
dλ
=
1
4
∫
H
√
q
(
φθ + li∇iφ
)
d2x =
1
4
∫
H
√
qφθ˜d2x .
(63)
Thus, even in the Jordan frame, it is θ˜ and not θ that
determines whether the entropy should increase. This is
because, as we have discussed earlier [21, 22], thermody-
namically the two frames are equivalent. Therefore, the
appropriate Raychaudhuri equation, which is consistent
with the thermodynamic description, should be defined
in terms of those quantities (i.e. shear, expansion scalar
and energy-momentum tensor) which were obtained in
the equivalent picture of the fluid-gravity dual descrip-
tion. From (58), one can obtain the expression for the
Raycharudhuri equation in terms of the parameters in
the Jordan frame as
dθ˜
dλ
= κ˜θ˜ − 1
φ2
ΣabΣ
ab − 1
2
θ˜2 − 8piGT˜ablalb , (64)
where T˜ab = T˜
φ˜
ab + (T
ext
ab /φ) . To obtain the above equa-
tion, we have used dθ˜/dλ˜ = l˜a∂aθ˜ = l
a∂aθ˜ = dθ˜/dλ .
We again note that T˜ φ˜abl
alb = (la∂aφ˜)
2 ≥ 0. Therefore,
when the external matter field satisfies the null energy
condition (i.e. T extab l
alb > 0), we obtain T˜abl
alb > 0 .
Then following the arguments as in the Einstein frame,
one can prove that θ˜ is always positive, which proves the
entropy increase theorem in the Jordan frame.
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In this section we have found that it is θ˜ which comes
into play in obtaining the entropy increase theorem in the
Jordan frame. This is consistent with the fact that the
two frames are thermodynamically equivalent. In addi-
tion, we have obtained the null Raychaudhuri equation in
each frame which is consistent with the thermodynamic
description in scalar-tensor theory.
V. TIDAL FORCE EQUATION
The Raychaudhuri equation discussed in the previous
section describes how the trace part of θab or θ˜ab (i.e. θ
or θ˜) evolves in the spacetime. On the other hand, the
tidal force equation describes the evolution of the trace-
less part of θab or θ˜ab (i.e. σab or σ˜ab) [24]. In this section,
we shall discuss the expression of the tidal force in the
two frames. In obtaining the tidal force equation, the
equation of motion is not used. Therefore, the standard
expression for the tidal force equation from GR is also
valid for scalar tensor theory.
In our equivalent fluid-gravity dual description, it is
Σab (and not σab) which we have identified as the shear
tensor in the Jordan frame. Σab is also conformally in-
variant, since Σab = σ˜ab. Thus, in the Jordan frame, we
have to examine how Σab evolves in the spacetime. The
standard expression of the tidal force equation [24, 25]
valid in the Einstein frame, is given by
q˜iaq˜
j
b(£l˜σ˜ij)− κ˜σ˜ab − q˜abσ˜ij σ˜ij = −q˜iaq˜jbC˜minj l˜m l˜n ,
(65)
where C˜abcd is the Weyl tensor – the traceless part of the
Riemann tensor R˜abcd . The explicit form of C˜abcd is
C˜abcd = R˜abcd − 2
n− 2
(
g˜a[cR˜d]b − g˜b[cR˜d]a
)
+
2
(n− 1)(n− 2)
(
g˜a[cg˜d]b
)
, (66)
where n is the dimension of the whole manifold. The
RHS of (65) gives the measure of the tidal force on the
two-surface St .
We now obtain the the tidal force equation in the Jor-
dan frame. Using the conformal transformation (4) and
(5) we can obtain, from (65),
qiaq
j
b(£lΣij)− κ˜Σab − φqabΣijΣij = −φqiaqjbCminj lmln ,
(67)
The above form of the tidal force equation is consistent
with the equivalent fluid-gravity picture.
However, the usual the tidal force equation of GR is
consistent with the inequivalent fluid-gravity picture. In
this case, the expression of tidal force equation is
qiaq
j
b(£lσij)− κσab − qabσijσij = −qiaqjbCminj lmln .
(68)
VI. SUMMARY AND CONCLUSIONS
The connection of the field equation of the gravity with
fluid dynamics (i.e. that the Einstein equation can be
identified with the Navier-Stokes equation by projecting
the GR equation onto a null surface) is a remarkable
discovery due to Damour [23] . Later, this fluid-gravity
connection was established in several ways [24–49] and
this connection is now considered as a remarkable fea-
ture of general relativity. Over the last few decades,
several alternative theories of gravity have developed as
extensions/substitutions of GR. The question, which mo-
tivated the analysis in this paper, was whether the fluid-
gravity connection is a special characteristic of standard
GR only, or can one obtain a similar connection for these
alternative gravity theories. Also it is of interest to de-
termine how the expressions of the fluid parameters in
these alternative gravity theories look, and to what ex-
tent they differ from standard GR. In this work, we have
obtained the fluid-gravity analogy in the scalar-tensor
theory of gravity, which is one of the most promising
theories among various alternative theories of gravity.
Moreover, since any f(R) gravity theory can be writ-
ten in terms of a corresponding scalar-tensor theory, this
work implies that the present analysis is relevant for es-
tablishing the fluid-gravity correspondence in higher cur-
vature gravity theories. In addition, scalar-tensor theory
is described in both the Jordan frame and the Einstein
frame. These two frames are conformally connected to
each other. The physical equivalence of these two con-
formally connected frames has been a matter of debate
for several decades. From the thermodynamic viewpoint,
the two frames are physically equivalent. However, from
the fluid-gravity viewpoint the above analysis shows that
no definite conclusion can drawn in this regard.
In this paper we first provided a brief overview of the
scalar-tensor theory of gravity in both the Jordan and
Einstein frames. Second, we briefly described the geome-
try of the null-surface in the context of (1+3) spacetime
foliation, an idea which is necessary in order to obtain the
projected form of the gravitational field equation onto the
null surface. Then, we obtained the DNS equation in the
Einstein frame, following a similar approach to that used
in standard GR. We found that the complete form of the
DNS equation could be obtained even without consider-
ing the external matter field, unlike the case in standard
GR. Later we showed that one cannot obtain the DNS
equation in the Jordan frame by following the same pro-
cedure as in standard GR. In particular, in the Jordan
frame, one finds that there are two different cases to get
the DNS equation. In the first case, we have shown that
one can obtain the DNS equation along with an addi-
tional Coriolis-like force term. This picture is consistent
with some recent work in the framework of f(R) gravity.
Moreover, in this first case, the ratio η/s saturates the
KSS bound. However, in this case, the fluid parameters
are not equivalent to those of the Einstein frame. Later,
we showed that an equivalent case is also possible in the
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Jordan frame. In this second case the DNS equation can
be obtained in terms of fluid variables, which are equiv-
alent to those of the Einstein frame. In this method, the
Coriolis-like force term does not appear in the DNS equa-
tion. However, as we have mentioned earlier, the equiva-
lent picture is less favoured by the KSS bound, since this
bound is violated in this case. We believe, more investi-
gation is required in this regard to provide any definite
conclusion.
After obtaining the DNS equation in the Einstein and
Jordan frames, we discussed the Raychaudhuri equation
in the two frames in the context of the generalized second
law. As shown in this work, the second law of thermody-
namics can be obtained from the Raychaudhuri equation.
However, in the Jordan frame, the evolution of the ex-
pansion scalar θ does not determine the entropy increase
theorem, but rather it is determined by θ˜. Therefore, we
identify the proper Raychaudhuri equation as the evolu-
tion of θ˜ in the Jordan frame. Finally, we showed how the
shear tensor evolves in the spacetime by obtaining the
tidal force equation in the two frames. We mentioned
how the tidal force equation of standard GR continues
to be valid for the Einstein frame of ST gravity. The
same expression of the tidal equation is also consistent
with our inequivalent picture of the fluid-gravity duality
in the Jordan frame. Additionally, we also obtained the
tidal force equation which is consistent with the second
(equivalent) case of the fluid-dynamic description in the
Jordan frame.
The analysis in this paper indicates that the fluid-
gravity correspondence is a general characteristic of grav-
ity theories, similar to the correspondence between ther-
modynamics and gravity. This connection with fluid dy-
namics is not limited to standard GR. In the present
case, we have shown that this correspondence with fluid
dynamics also works with scalar-tensor gravity. This con-
nection between fluid dynamics and scalar-tensor theory,
also implies that this correspondence exists for f(R) grav-
ity, since f(R) gravity can be described as a scalar-tensor
gravity. Our analysis also suggests that, unlike the ther-
modynamic case, where the two frames are exactly equiv-
alent, from the fluid-gravity perspective it is possible to
obtain both equivalent as well as inequivalent cases. For
the time being, we can say that the inequivalent case is
consistent with the KSS bound saturation which has been
predicted to hold in f(R) gravity from and AdS/CFT
viewpoint [53]. The present analysis should be useful in
the context of the fluid-gravity analogy and also in the
theory of scalar-tensor gravity.
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